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LOI MO PAU

Cudn sach nay danh cho sinh vién cac nganh ky thuat va nhitng ban doc can dén
kién thic vé phuong trinh vi phan va chudi vo han dé 4p dung trong cac chuyén
nganh ctia minh. Cuén sach bao gom ky thuét giai va ting dung ctia phuong trinh vi
phan va chudi vo han. Nhiéu dinh luat va cac van dé cta khoa hoc ky thuat va doi
séng tu nhién xuat hién trong toan hoc dudi dang phuong trinh vi phan, cac phuong
trinh nhu vay c6 tam quan trong mang tinh nén tang trong khoa hoc ky thuat va tng
dung thuc té. Vi vay, muc tiéu chinh cta cubn sach nay la gitp sinh vién lam quen
v6i cac mo hinh vat ly va tng dung khac nhau dan dén mét s6 16p phuong trinh vi
phén va cung cap cho sinh vién cac phu’ong phép tiéu chuén quan trong dé giai cac
phuong trinh vi phan d6. Cling véi d6, cudn sach cling cung cap nhing kién thic

co ban va ky nang tinh toan danh gia tinh hoi tu hay phan ky déi véi cac chudi sb
va chudi ham sb va ting dung trong cac van dé lién quan dén xap xi ham va phan ra
ham thanh phd rdi rac (Fourier), von dong vai trd quan trong trong cac bai toan ky
thuat.

Trong qué trinh bién soan, nhém tac gia da tich hgp day du cac modules kién
thic trong dé cuong mon Giai tich III da thong nhat cta Vién Toan ung dung va Tin
hoc. Ngoai ra, d€ md rong va nang cao mét s ky nang va lam phong phu thém kién
thitc ctia ngudi doc, chung toi da dua thém mot s6 noi dung kién thirc ndm ngoai dé
cuong, cac kién thitc nay duge dua vao phan doc thém. Ching toi quan niém rang,
ngudi hoc ludn can c6 sy to mo khoa hoc dé hoan thién va phat trién cac kién thic
ctia minh trong mot thé gidi rong 16n, khong thuan nhat va day bién dong nhu hién
nay.

bé gitip ngudi hoc thuc hanh va cing c6 cac kién thic ly thuyét va ky nang tinh
todn ctia minh, sau moi chuong, ching tdi dua ra cac bai tap luyen tap c6 dap s6 va
huéng dan giai & cubi sach. Hon nira, ching tdi cling cung cAp mot sd dé thi mén
Giai tich Il cdc ndm qua ctia Vién Toan ting dung va Tin hoc dé ngudi hoc c6 thé lam
quen v6i dang thirc dé thi gitra ky va cudi ky ctia mon hoc theo tirng nhém nganh.

Nhém tac gia rat mong mudn nhan dugc cac gop y quy gia tir ban doc dé cuén
sach ngay cang dugc hoan thién hon trong cac 1an xuat ban sau. Cac nhan xét va gép
y xin gtti vé email: huy.nguyenthieu@hust.edu.on.

Cac tac gia:
Nguyén Thiéu Huy e Bui Xuin Diéu ¢ Dao Tuin Anh
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CHUONG ]_

Chudi so

Nhiing nha sang lap dau tién ctia phép tinh vi phan, bao gém Newton va Leibniz,
da nhan thuc 16 tAm quan trong cta chudi vé han. Céc gia tri chinh xac ctia nhiéu
ham nhu sin va cosin chi c6 thé dat dugc trong nhitng truong hgp déc biét. Cac chudi
v0 han cung cap mot cong cu dé tinh xap xi bat ky mot gia tri nao ctia cdc ham do
vGi do sai s6 bé tuy y. Trong chuong nay, chiing ta sé bat dau bang cac khai niém vé
chudi vo han ctia cac s6 thuc, sy hdi tu hay phan ky, tong ctia chudi s6. Sau do, cac
tiéu chuan kiém tra tinh hoi tu va phan ky ctia cac chubi sb, ciing vdi mot sb tinh
chat khéc cta chiing sé dugc trinh bay.

§1. CAC KHAI NIEM CO BAN VE CHUOI SO
Pinh nghia 1.1. Cho {a,}$_, la mgt ddy sb. Tong v6 han
at+ay+---+ap+- -
dugc goi la mot chubi s6 va duoc ky higu la )Of an, trong dé a, dugc goi la s6 hang tong qudt
va Sy = ay +ax+ - - -+ ay duoc goi la té’ng:;lfiéng thit n.
i) Néu day s6 {S,} la héi ty vdi lim S, = S, thi ta noi chudi s6 f ay la hoi ty va cé

n=1
tong biang S va viét

it) Nguoc lai, néu day s6 {S, } la phin ky, thi ta néi chudi s Y. ay la phin ky.
n=1

Vi du 1.2. Xét chudi s sau:

1424 +n+-



2 Chudi sb

Chubi s nay c6 S, = n(n+1)/2 nén lim S, = oo (phan ky). Két luan, chudi s 1a
n—oo
phéan ky.

Vi du 1.3. Xét sy hdi tu va tinh téng (néu c6) ctia chudi hinh hoc

Zaq":a+aq+aq2+~~,a7é
n=0

Si =a+tag+---+ag"!
qSn =aq+ag*+---+aq"

Ta co

Dods S, =atl (9#1)va

llm STZ -

n—oo

= néu |g| <1
o néulg| > 1.

* Truong hop g = 1 dé thay chubi sb6 da cho phanky vi S, = annén lim S, = co.

0, néun chan,

e Truong hopg = —1tacod S, = { nén khong ton tai)}igl Sn.

a, néunlé
Chubi da cho 1a phan ky.
Két luan: chudi hinh hoc da cho hoi tu va c6 téng bang = néu |g| < 1va phan ky
néu |g| > 1.
Vi du 1.4. Viét s6 thyc 2.317 = 2.3171717 ... duéi dang phan sb.
17 17 17

2317 =234+ —+—5+—5+---
+ 103 + 105 + 107 +
Sau sb hang dau tién thi chudi da cho 1a mot chudi hinh hoc véia = % vag = ﬁ.
Do dé .
— 23 103 1147
2317 = = - -
3 10 + 1-— L 495
102
Vi du 1.5. Chiing minh rang 1.9999... = 2.
Chitng minh. Ta co
~ 9 9 9 & 1\"
1.9999..._1.9_1+10+100+---_1+10”[_:0(10)
Sau s6 hang dau tién thi téng da cho 1a mot chudi hinh hoc véi a = % vag = %.
Do do6 9
19999... =19 =1+ 10— =2
1 - ﬁ [ ]

Mcon goi la chudi ctia cip s6 nhan.



1 Cdc khdi niém co bdn vé chudi so 3

Néu chi nhin thoédng qua thi c6 vé nhir1a 1.9999. .. < 2. Chinh vi vay, néu chua dugc
hoc khéi niém vé gi6i han hodc chudi s6, dang thirc nay c6 16 sé gay bdi rdi cho ngudi
doc.

Vi du 1.6. Chting minh rang chudi s6 Z C +1) hoi tu va tinh tong.
Trudc hét ta phén tich n(n+1) = % - n%rl Ta co
Sp= by !
"T1.2 2.3 n(n+1)
1 1 1 1 1 1
j— - + - -
1 2 2 3 n n+1
.1
n+1

Do dé lgn Sn = 1. Két luan: Chubi da cho hoi tu va c6 téng bang 1.
n—00

. [ee]
Vidu 1.7. Xét sy hdi ty, phan ky ctia chudi dieu hoa Y %
n=1
V6i 1 < m € N bat ky, chon n > 2"+ ta dugc
1 1 1
S >1+2+3+ +2m+1
—1+1+ 3 + +1+1 TR [ S
2 4 7 8 2m 41 2m+1
1 1 1
1 2. 4. 2m
> 145+ 4+ gt 2
m+1
:1 —_—
+ 2

Day céc tong riéng S, c6 thé 16n tiy y nén lim S, = oo, chudi da cho phan ky.

Pinh ly 1.8 (Diéu kién can dé€ chubi héi tu).
Néu chudi s6 Y a, la hoi tu, thi lim a, = 0.
n—oo

n=1

(e )
Chitng minh. Pat S, = a1 +ay+---+ay, tacéa, =S, — S,—1. Vi Y a, hoi tu nén
n=1
day s6 {S,}%> ; c6 gidi han hiru han. Pat lgn S, =S5.Vin—1— oo khin — conén
n o0

nh_r}rolo S,-1 =5.Dodo
P, 0 = 530, (Sn = Sn-) = Jigg S — Jigg Sy =5 -5 =0 "
Chiy19. 1. Ménh dé dao ctia Dinh 1y[1.8]1a khong dung. Chéng han nhu chubi

diéu hoa sau day Z = o 11m — 0 khi n — oo, nhung chubi nay la phan ky

n

(Xem Vi du[1.34] (tr 14) duou day)



4 Chudi sb

2. Pinh 1y [1.8|cho chiing ta mot diéu kién da dé kiém tra mot chudi la phan ky.
Cu thé, néu lim a, khong ton tai hodc lim a, # 0 thi chudi da cho l1a phan ky.

Chéang han nhu chudi s6 sau day 2 74T €O hm 2nnﬁ = 1 nén chudi da cho
=
1a phan ky. Tuy nhién luu y rang néu ;111_I>Iolo a, = 0 thi chiing ta chua c6 két luan
gi vé tinh hoi tu ctia chudi Y. a,.
n=1
3. Thay déi mot s6 s6 hang dau tién ciia mot chubi thi khong lam anh hudng dén
tinh hoi tu hay phan ky ctia chudi s6 d6. Chang han nhu hai chubisé Y. a, va

n=1

Z a, sé c6 cung tinh chat hoi tu hodc phan ky (véi moi M > 1).

n=M

1
Vi du 1.10. Chubi Z nln(1+ )laphankybouw lim nln(1+ ) =1#0.
n=1

Pinh 1y 1.11 (Cac phép toan trén chudi s6 hoi tu). Néu Y a,va Y. by la cdc chudi s
n=1 n=1
hoi tu, thi chudi sb Z (way + Bby) vdi a, B € R ciing la mot chudi sb hoi tu va
n=

Y (aan+pby) =a') a,+B Y b
n=1 n=1 n=1

Vi du 1.12. Chiing minh rang chubi Z ( nzr?}_él) + 2017) hoi tu va tinh tong.

S ~ oo »
Ta ¢6 chudi Z 22161) hoi tu va c6 t6ng bang 2016, chuoi ), 23,%7 hoi tu va cé tong

bang 2017 nén chudi Z ( 22161) + 2017) cling hoi tu va c6 tong bang 4033.

§2. CHUOI SO DUONG

~ Z oo ~ £
Dinh nghia 1.13. Chudiso ) a, vdia, > 0 duoc goi la mét la chudi so duong.
n=1
Nhan xét rang day cac tong riéng S, 1a mot day sb ting, nén mot chudi sé duong
la héi tu khi va chi khi S, 1a bi chan. Trong bai nay chung ta sé nghién ctru céc tiéu
chuan dé mot chubi s6 duong la hoi tu.

1.2.1 Cac tiéu chuan so sanh

Dinh 1y 1.14 (Tiéu chun so sanh 1). Cho hai chudi s6 duong Y. ay va ¥ by cd a, <
n=1 n=1
by, v6i moi n hoic ké tir mot s6 n nao do. Khi do



2 Chudi s0 duong 5

i) Néu Y by lahdi tu thi Y ay ciing la hoi tu.

n=1 n=1

ii) Néu Y ay la phan ky thi 'Y by, ciing la phéan ky.
n=1

n=1
Chitng minh. Ti gia thiét suy ra
Ap=m+ar+---+a, <by+by+---+b, = By. (1.1)

[ee]
i) Neu ), b, héi ty, nghia la ton tai lim B, = B va B, < B v6i moi n. Bat dang
n=1 n—oo
thite (1.1) ching to day téng riéng A, 1a mot day sb bi chan trén, hon nita né
tang do tinh chét cia chudi sé6 duong, nén ton tai lgn Ay = A. Vi vay, chudi
n—oo

(e}
Y a, hoi tu.

n=1

ii) Ban doc c6 thé tu chiing minh mot cach don gian ciing dya vao bat déng thuc

(1.1). n
, [e¢]
Vidu 1.15. Xét sy hoi tu ctia chudi s6 nghich dao binh phuong Y niz
n=1

Taco( 7 <

n(n+1)

) ma chudi s6 Z A hoi tu theo Vi du [1.6/(tr. 3) nén chudi s6

;El (n+1)2 va do do Z -7 cing hoi tu.

Vi du 1.16. Xét su hoi tu ctia chudi Z P — +n p

Chitng minh. Ta c6 < . Ma Z > 1a hoi tu theo Vi du [1.15, nén chudi

1
n24+n+1

[e9)

1 ~ S 1oAs
ngl PagT cung 1a héi tu. |

~ (o)
Vidu 1.17. Xét sy hoi tu cta chuoi Y ﬁ
n=2

[e9)
. . . e . . 1 1 N x. 1 s
Chimg minh. TacéInn < nvéimoin > 2. Do d60 < 5 < ;- Machuoi ¥ 5 1a

n=1

phan ky theo Vi du|L.7(tr. 3), nén chudi Y. - 1a phanky. n
n=2

1
Vi du 1.18. Xét sy hoi tu ctia chudi Z TGt
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Ta c6

1 1 1 1

[ln(ln(n +1)Hlnn = eln[ln(ln(n+l))]ln” " ennin[in(In(n+1))] ~ ,n[In(In(n+1))]’

Vi lim In [In(In(n +1))] = o0 nén ton tai Ny > 0 sao cho In[In(In(n +1))] >
n—,oo
2, Vn > Ny
1 (e}
= Uy < —Vn >Ny = uy, hoi tu.
n n=2

Dinh 1y 1.19 (Tiéu chuin so sanh 2). Cho hai chudi sé duong Y. a, va Y. by, théa man
n=1 n=1

. a N
lim = =c¢ > 00ic # co.
n—co by,

Khi do ozo) a, vd OZO‘, by cd ciing tinh chat héi tu hodc phan ki).
n=1 n=1

Chitng minh. Vi lim % = cnén véimoie > 0, ton tais6 N € N
n—oo bn

c—€e< Z—n <ct+es(c—e)b, <ay, <(c+e€)by,Vn > N.
n

Lay tong tit N dén oo ta duogc

(c—e)

by <

=

Il

i agk:

2

|

I aglk
i)

n<(c+e) ) by (1.2)
n=N
Ta chon € dd nho sao cho ¢ — € > 0. Theo tiéu chudn so sanh 1,

e vé phai ctia bat dang thiic li chiing t6 rang néu chudi Y. by, hoi tu thi chudi
n=1

Y a, cing hoi tu.
n=1

3 7z ~ o ~
e ve trai cia bat dang thtrc 1| ching t6 rang néu chuoi Y a, hoéi tu thi chuoi
=1
o n
b, ctng hoi tu.
n=1

Chd y 1.20.
a) Céc truong hop dac biét

o0 o0
e Neéeu lim g" =0vachuoi ) b, héituthi ), a, cing hoi tu. Diéu nay de
n—oo Un n=1 n=1
hi€u vi lim ¢ = 0 suy ra vdi n da 16n thi 2 < 1 hay a, < b, v6i moi
n— 00 by by

n > N nao do.
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~ o o X
* Neu li_r>n st = covachu6i Y b, phan ky thi Y a, cling phan ky. Diéu
oo T n=1 n=1
nay cing dé hiéu vi lim p- = cosuy ravéin dalonthi ¢ > 1haya, > by
n—oo “n n

vGimoin > N nao do.

b) Ciing gidéng nhu TPSR, khi xét su hoi tu ctia chudi s6 ngudi ta chi quan tim dén
"dang diéu" ctia s6 hang téng quat a, tai vo cung. Tiéu chuan so sanh thuong
dugc st dung dé so sanh chudi s6 da cho véi mot trong hai chuoi s6 sau day:

« Chudi hinhhoc ¥ g

n=1

hoi tu néu |gq| < 1,
phéan ky néu |g| > 1.

X [} hoi t 3 1
e Chuoi ham zeta {(a) = Y 111’"{ dituneun > 1,
n=1

phan ky néua < 1.

<. X 2
- . As > X. n’+4n
Vidu 1.21. Xét su hoéi tu cua chuoi ngl WL
Chitng minh. S6 hang troi (chiém wu thé) cta tir s6 l1a n? va sb hang trdi ctia mau
s6 1a Vn5 = n%/2. Diéu d6 goi y chiing ta so sanh chudi s6 da cho véi chudi sb

(e ) nz (e ) 1
y = —. Ta co
5 Z 1/2°
n=1 V" n=1"

3

1+1
= lim L

an .
n—co by, nggo Vb +1 n—oo 14 %
n

=1.

Ma chubi ¥ — la phan ky theo Vi du(1.34((tr. 14) nén chuéi da cho ciing phan ky.m
n=1

[ee)
Vi du 1.22. Xét sy hoi tu ctia chudi ¥ ﬁz Igz )
n=1

Chitng minh. S6 hang troi (chiém wu thé) cta tir s6 1a 3" va s6 hang trdi cia mau sd

R - . - [e9)
1a 5". Diéu nay goi y chiing ta so sanh chubi s da cho véi chudi ¥ (2)". Taco
n=1

_2m 43t 3\"
"= pys =5

n n n g n 1
lima—n:lim&:im(g')%:L
n—oo by, n—soo (4” +5”)3” n—o0 (é) 1

5

Ma chudi hinh hoc ¥ (2) " 1a hoi tu theo Vi du (tr. 1), do d6 chudi s6 da cho ciing
n=1
13 hoi tu. .
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