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Chuong 1

Bai toan tbéi uvu

Trong cudn gidgo trinh nay, ching ta lam viéc trén khong gian Euclid! R”. Mai
diém x trong khong gian R™ 14 mot bo n s6 thuc dude sap c6 thit tu va duge
viét duédi dang cot

€1
T2
T =
Tn
Mbi 6 z; , i € {1,...,n}, dudc goi 1a toa do thit i ctia diém z. Nhu thuong le,
ta quy udc
T
T 2
r=(x1,2T9,...,2,)" =
‘ITL

Diém 0 € R" ¢6 tat ca cac toa do bang 0, titc 0 = (0,0,...,0)7. Mbi diém
x € R” ¢6 thé dudc xem 1a mot vée to c6 diém dau 1a 0 va diém cudi 1a z. Tich
v0 hudng ctia hai véc to z va y trong R™ dude biéu dién la

(z,y) = szyz =a'y.
i=1

'EUCLID (330 truéc CN — 275 trusc CN): Ngudi ddi sau chi biét ma hd hinh nhu nha toén hoc
thién tai nay 1a ngudi Hy Lap, séng va lam viéc tai Athénes. Euclid ndi tiéng véi bo sach "Co s3"
gdm 13 tap trinh bay mot cach hé théng toan bo kién thitc toan hoc thai bay gis. Khong gian Euclid
ban dau duge hidu nhu khong gian thic ba chiéu véi he tien dé Euclid. Sau d6, nha toan hoc Ba Lan
13 Banach (1892 — 1945) da md rong né sang khong gian nhidu chidu trong luan &n tién s (1920)
clia éng.
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Chudn Euclid (hay do dai) ctia véc to x = (21,...,7,)" € R", ky hieu la ||z,
1a mot s6 thuce khong am duge xac dinh bdi

n

Joll o= Vo) = (3 a2)

=1

Khodng cdch gitta hai véc to x,y € R® duge dinh nghia 14 chuan ctia hieu hai
véc to do, nghia la bang

ool = Vi = ()

i=1

Hién nhien 1a khoang céch giita « va y bang khoang cach giita y va .
V6i moéi s6 thie € > 0, ta goi tap

B(z*,e) ={z eR": ||z — 2| < ¢}

1a mot e-lan can cua diem x* € R™.

1.1 M5 hinh toan hoc ctia bai toan t6i uu

Cho f: R" = R := RU{—00, +oo} va X C R™. Bai todn toi uu dugc phat biéu
nhu sau
f(z) = inf v.dk ze€X, (P (X))

hoac
f(z) = sup v.dk ze€X. (Py (X))

Ta goi f 1& ham muc tieu va X 1a tap nghiém chap nhan dugc hay tap rang buoc
ctia bai toan. Mbi diem = € X dugce goi 1a mot nghiém chap nhan duge hay mot
phuong dn chap nhan duge hoic mot phuong dn.

Gid tri toi wu cia bai toan (P, (X)), ky hieu Ia inf f(X), 1a can dudi 16n nhat
(hay gia tri infimum) ctia gia tri ham f trén X. Theo dinh nghia, t; = inf f(X)
v6i ty € RU{—0o0}, c¢6 nghia la

f(z) >ty véimoi z € X va a2} € X sao cho klim f(a®) =to.

— 00

Tuong t, gid trj toi wu cia bai toan (Py(X)), ky hieu 1a sup f(X), 1a can trén
nho nhat (hay gia tri supremum) ctia gia tri ham f trén X. Gid stt t, = sup f(X)
véi t, € RU {+oo}. Khi d,

f(z) <t, véimoi z € X va FHa*} € X sao cho klim flz®) =t,.
— 00
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Néu ton tai z° € X sao cho f(2") = inf f(X), tic
PeX va f(a")<f(x) VoeX

thi 20 dugce goi 1a nghiém toi wu, hodc nghiém toi wu toan cuc, hodac nghiém
cuc tiéu toan cuc (global minimizer), hodc chi don gidn 1a nghiém ctia bai toan
(P, (X)). Mot nghiem t6i wu con duge goi 1a mot phuong dn toi wu hay 10 gidi
clia bai toan da cho. Néu bai toan (P, (X)) c¢6 nghieém t6i uu z° thi gid tri toi
wu ctia bai toan 1a f(2°). Khi d6, bai toan (P, (X)) c6 thé viét dusi dang

min f(z) v.dk zeX (P (X))

va gia tri t6i uu duge ky hieéu 1a min{ f(z) : = € X}. Tap nghiém toi vu clia bai
toan (P,,(X)) dugc ky hiéu la Argmin{f(z) : = € X} hodc Argmin(F,,(X)).
Mot nghiém chap nhan duge 2° € X duge goi 1a nghiém toi wu chit hodic nghiem
cue tiéu toan cuc chdt ctia bai todn (P, (X)) néu f(2°) < f(x) véi moi z € X va
x # 2°. Hién nhién 14 2° 1a nghiém cyc tiéu toan cuc chit ciia bai toan (P, (X))
khi va chi khi Argmin(P,,) = {2°}.

Tuong ty, néu x* € X va f(z*) > f(x) v6i moi x € X thi ta néi z* 1a nghiem
t6i wu cia bai toan (Py(X)). Diém z* € X dugc goi 1a nghiem t6i wtu chit hogic
nghiém cuc dai toan cuc chat ciia bai toan (Py(X)) néu f(z*) > f(x) v6i moi
x # x* vaxr € X. Ky hieu Argmax{f(z) : = € X} hodc Argmax(Py (X)) la
tap nghiém t6i uu ctia bai toan (Py(X)). Néu Argmax(Py (X)) # & thi gia tri
t61 utu ctia bai toan (Py (X)) 1a f(7), trong d6 T € Argmax(Py(X)).

Diém 2° € R™ dugc goi 1a nghiém to6i wu dia phuong hodc nghiém cuc tiéu
dia phuong ctia bai toan (P,,(X)) néu ton tai mot e-lan can B(a2?, ¢) ciia diém

2Y sao cho

e X va f(2°) < f(z) Vze B e)NX.
Néu f(2°) < f(z) v6i moi & # 2° viv € B(2°,¢) N X thi 2° 1a nghiém cyc tiéu
dia phuong chit ctia bai toan (P, (X)).
Tuong ti, néu ton tai mot e-lan can B(x*,¢) ciia diém 2* € X théa man
f(z*) > f(x) Vxe B e)NnX

thi ta néi z* 14 nghiem t6i wu dia phuong ctia bai toan (Py(X)). Trong trudng
hop f(z*) > f(x) v6i moi x # z* va x € B(x*,¢) N X thi 2* la nghiém cuc dai
dia phuong chit ctia bai toan (P (X)).

Luu ¥ rang, bai toan (P,,(X)) va bai toan (Py (X)) ¢6 thé khong c6 nghiem
toi uu nhung gia tri toi wu thi luon ton tai. Vi

Argmin{f(z) : z € X} = —Argmax{—f(z) : z € X}

inf f(X) = —sup(—f(X))
nén ta chi can xét bai toan (P, (X)) hodc bai toan (P (X)).



Nhap mon Ly thuyét Toi uu

Vidu 1.1.

i)

ii)

iii)

iv)

V6i f(z) = 2% — 3z vi X = R, bai toan (P,,(X)) ¢6 mot nghiém t6i wu dia
phuong 13 2* = 1 nhung khong c6 nghiém t6i wu va gia tri t6i wu ty) = —oo.
Xem minh hoa ¢ Hinh 1.1(a).

Giast f(z)=x va X ={z € R?: xy19 > 1,11 > 0,25 > 0}. Khi d6, bai
toan (P,,(X)) c6 Argmin{f(z) : = € X} = & va gia tri t6i uu t; = 0. Xem
Hinh 1.1(b).

(a) (b)

Hinh 1.1.
Néu f(z) = z* — 222 +1 va X = R thi bai toan (P,,(X)) c6 hai nghiem t6i

uu la a* = —1 va 7% = 1, va gia tri t6i uu fo, = 0. Xem minh hoa ¢ Hinh
1.2(a).

Xét bai toan (P, (X)) véi f(z) = (z; — 3)% + (22 — 2)? va tap
X={zeR*: 22 —2,<3, 2,<1, z; >0}

Tap chap nhan duge X duge minh hoa ¢ Hinh 1.2(b). Véi mdi s6 thuec

a > 0, duong mic {r € R? : f(x) = a} 1a duong tron tam (3,2)7, ban

kinh /a. Theo hinh hoc, dé thay bai toan (P,,(X)) c6 nghiem t6i wu chit
la 2% = (2,1)T € X va gia tri t6i vu min{f(z): z € X} = f(z*) = 2.

B L e

Hinh 1.2.
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v) Cho f(x) =z va
X={zeR*: 27 —1,<3, 2, <1, |2, > 1}.

Xem minh hoa ¢ Hinh 1.3(a). Tap nghiém t6i wu dia phuong ctia bai todn
(Pn(X)) la doan thang ndi diém (1,1)7 va (1,—2)T. Bai toan c6 nghiem
t61 wu chat la z* = (—=2,1)7 va gid tri t6i uu la
min{f(z): v € X} = f(z") = —2.
vi) Bai toan min{f(z) = z1 + x5 : x € X}, trong do6
X={reR?: 27 +a5 <1, 21 +x9 > —1},

¢6 vo 56 nghiem. Tap nghiem t6i wu Argmin{f(x) : = € X} la doan thing
noi diém (—1,0)7 va (0, —1)7. Xem Hinh 1.3(b). Gia tri toi wu la f,,; = —1.
T2

\— 111 /

=251 0 | T

NV

(a)

T2

Hinh 1.3.

1.2 Mot s6 vi du thuc té

Vidu 1.2. (Bai toan dinh vi kho chita hang)

Mot cong ty cung cap mot loai hang cho n siéu thi. Gid st da biét vi trf clia
siéu thi thi j 1a (u],uj), 7 = 1,...,n. Theo don dit hang, mdi tuan, s6 don
vi hang cong ty phai chuyén dén siéu thi thi j 1a by, 5 = 1,...,n. Cong ty du
dinh xay m kho chita loai hang nay sao cho kho thit ¢ phai chita duge a; don vi

hang, 1 =1,2,...,m va
m n
ES
i=1 j=1

Cong ty can x4c dinh dia diém dé xay m kho niy va s6 don vi hang z;; chuyén

tit cac kho i = 1,...,m dén céc sieu thi j = 1,...,n sao cho tong
m n
2D digry
i=1 j=1

1a nhé nhat, trong d6 d;; 1a khoang cach tiur kho thd ¢ dén siéu thi thi j,
i=1,....mvaj=1,...,n, vii cac gia thiét sau:
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Hang c6 thé duge chuyén tit mot kho dén mot siéu thi bat ky. Mbi sieu thi
déu nhan du s6 luong hang yéu cau, tic

zm:xij:bj, ]:1,,’)7,
=1

Cac sieu thi khong duge tra lai hang vé kho, tic z;; > 0,4 = 1,...,m,
7=1....n

Mo hinh toan hoc cuia bai toan nay 1a

Z Z dijl'ij (PDL)

i=1 j=1

v.d.k. injgai, izl,...,m

m
Z[L’Z'j:bj, jzl,...,n
i=1

a:ijz(), izl,...,m,jzl,...,n.
Luu ¥ ring, ta can phai xac dinh c¢d x;; va dij, i = 1,...,m, j =1,...,n. Ky
hiéu (v}, v4) la vi trf cta kho thi ¢, ¢ = 1,...,m. Khi d6, khodng cach d;; tit

kho thit i dén siéu thi thit 5 1a

dy =/ (0f = ud)? + (v} — ud)2.
Bai toan (Ppr) 1a bai todn toi uu phi tuyén v6i (2m + m x n) bién v}, v}, x;;,
1=1,....m,5=1,...,n

Trong trudng hop vi tri cdc kho da biét trude thi khodng cach d;; 1a s6 xéc
dinh. Khi do bai toan (Ppyr) tré thanh bai toan van tal thong thuong cé tong

lugng phéat Z a; 16n hon hodc bing tdng lugng thu Z b;, xem [15],[32].
=

Vi du 1.3. (Bai todn lap ké hoach sdn rudt)
Mot xi nghiép du dinh sdn xuat n loai san pham khac nhau tit m loai nguyéen
licu. Biét rang:

Lgi nhuan thu dugce khi ban mot don vi san pham loai j 1a c;, chi phi dé san
xudt ra mot don vi sén pham loai j la d;, j=1,...,n;

Trit lugng nguyén liéu loai + ma xi nghiép co6 la b, 1 =1,...,m;
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P 2 £ ~ . 2 2 .. X . - . ..
Deé san xuat mot don vi san pham loai j can a;; don vi nguyén li¢u loai 7,
t=1,....m, 3=1,....,n;

Ky hiéu z; la s6 don vi sén pham loai j ma xi nghiép sé san xudt, j =1,...,n.
Hién nhien la x; > 0 v6i moi j. Khi do, tong lgi nhuan xi nghiép thu dugce la

p(z) = 1z + -+ + cpy.

Téng chi phi xi nghiép phai chi tra la

q(z) = dyxy + -+ + dypxy,.

Do lugng nguyen lieu loai ¢ ma xi nghiép sé stt dung dé san xuat khong dugc
vugt qua trit lugng nén

anTi+ -+ Ay < by, t=1,...,m.

Khi do:

i)

ii)

Néu bai toan dit ra l1a x{ nghiép nén san xuat theo phuong an nao, titc san
xuat mdi loai bao nhiéu don vi san pham, dé hiéu qua san xuat tinh theo
ty s6 (tong lgi nhuan)/(tong chi phi) 1a cao nhat thi mo hinh toén hoc ciia
bai toan la

p(r) x4+ ey

q(x)  dixy+ -+ dyay,

max () =

n
v.d.k. Z&Z].CL"J Sbl, 221,,’)71
j=1

X ZO, j: 1,...,71.
Day 1 bai todn quy hoach phan thitc tuyén tinh.

Néu xi nghiép muén tim phuong an san xuat dé cuc dai lgi nhuan hosic cuc
tiéu chi phi thi bai toan can giadi 1a bai todn quy hoach tuyén tinh thong
thuong

max p(x) =cx + -+ Xy
n
v.d.k. Za”.flfj Sbl, 221,,’)71
j=1

r;>20,7=1,...,n
hoac

min q(z) = dyx; + - - + dpx,
v.d.k. Za”iﬂ] Sbl, 221,,’)71
j=1

:BJ-ZO,jzl,...,n.
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iii) Gia st xi nghiép nay mubn tim phuong an san xuat dé cyc tiéu chi phi va
san pham san xuit ciia ho 1a n loai may bay (hodc san pham nao dé c6 gia
thanh 16n). Khi d6, ho can gidi bai todn quy hoach tuyén tinh nguyén nhu
sau

min  ¢(x) = dyxy + -+ dyz,
v.d.k. Z&Z].CL"J S bia 1= 1, oo,
j=1
r; > 0vanguyén j=1,...,n.

iv) Néu xi nghiép mudn tim phuong an san xuat sao cho vita cyc dai 1¢i nhuan
vita cuc tiéu chi phi thi bai toan tré thanh bai todn quy hoach tuyén tinh
hai muc tiéu:

max  p(z) = x4+ -+

max — q(z) = —dyxy — -+ — dpx,
n
v.d.k. Zaljxj S bi> 1= 1,...,m
j=1
;>20,5=1,...,n.

Nhu da thay trong vi du nay, mac dit cing mot ddi tuong thue té, nhung
néu ta quan tam dén cac muc tiéu khac nhau thi bai toan sé c6 cdc mo hinh
toan hoc khac nhau.

Vi du 1.4. (Bai todn thiét ké mang phi séng cam bién khong day?)

Xét mot mang cam bién khong day (wireless sensor networks) trong R? bao
gom m cam bién (sensor) ¢6 nhiém vy thu thap di lieu nhu nhiét do, nong do o
nhiém khong khi, do am ... § moi truong xung quanh dé giti cho ngudi sit dung
thong qua n tram thu thong tin, duge goi la cac diém dich (target). Néu xét
mang cam bién trén mat phang thi p = 2. Néu xét mang cam bién trong khong
gian thi p = 3. V6i mdi ¢ = 1,...,m, ban kinh cAm bién clia cAm bién thit i,
dugc ky hiéu r;, thdéa méan

rtt <y <

trong d6 ™" va r"*® 1a hai s6 thuc duong cho trude. Bai toan dat ra la xac
dinh ban kinh cadm bién r;, i = 1,...,m, sao cho mdi diém dich déu dugc phu
bdi it nhat mot cam bién va tong nang luong tieu thu céia toan mang la nho
nhat véi gia thiét da biét:

2theo [2], trang 356 — 357.



Chuong 1. Bai toan toi uu va cic khéi niém co ban

Vi trf clia cdm bién thitila s' € RP, i =1,...,m.
Niang lugng tieu thu clia cdm bién thi 7 € {1,...,m} trén mot don vi thoi
gian la

cilrs) = 0r] + 7,

trong d6 s6 thuc § > 0, B € [2,4] 1a cac tham s6 phu thuoc vao ting thiét bi
cu thé va 7 1a nang lugng tieu thu khi cAm bién khong hoat dong. Theo [2],
nang lugng tieu thu ¢;(r;) & mot ham don diéu, khong gidm theo ban kinh
cam bién r;.

Vi trf ctia diém dich tht j la ¢t/ e RP, j=1,...,n.

Ky hieur = (ry,...,7m,)7, rmin = (ppin o pmim)T gy pmaz = (pmaz - pmaz) T,

Khi d6, mo hinh toan hoc ctia bai toan nay la

Vi du 1.5. (Mo hinh Entropy cuc dai® )

Xét mat do phan bd xac suat roi rac tuong tng véi gia tri do duge 1a mot
trong n gia tri x1, T, ..., x,. Ky hieu p; 1a xac suat tuong tng véi gia tri z;,
i=1,2,...,n. Cac xac suat p;, i = 1,2,...,n, phai théa man diéu kién

n
pi>0,va Y pi=1

=1

Entropy ctia mat do nhu vay 1a
£=— ij log(p;).
i=1

Gia tri trung binh ciia mat do nay la

n
E ZiPi-
i=1

3theo [18], trang 329.
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