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TOM TAT NHUNG CO SO
CUA CO HOC LUGNG TU

Trang thdi cua vi hat trong trudng c6 thé nang V(r,t) dugc mo ta bang mot ham
song (phic) ¥ (r,t) la nghiém cua phuong trinh Shrodinger thoi gian:

h ] ] oY (r)
—%A‘P(I,t)+V(i,t)‘P(l,t)——lhT

m 1a kh6i lugng hat. Néu nhan phuong trinh (1) v6i W*(r,f) va phuong trinh
lien hgp phiic clia n6 (xdc dinh W (r,1)) véi‘I’(r,t) sau d6 trir hai v&€ ciia hai phuong
trinh trén ta nhan dugc phuong trinh lién tuc:

g|‘l’(r,t)|2 +div i(\{'v‘{'* ~PVE) =0
ot 2m

Phuong trinh trén mo ta bao toan dai lugng J |‘P|2dz', cho phép ta két luan dai
|2

lugng |‘P (r,t)]" c6 ¥ nghia 1a mat do xdc suat tim thdy hat & vi tr 7 & thoi diém 7 (xdc

suit tim hat trong yéu 16 thé tich dr bang|¥ (r,1)[ d7). Vécto

i= i(\PV\P* ~¥VY)
2m
mang y nghia la mat do dong xac suat.
b4

tri, hitu han, lién tuc va c6 dao ham bac nhat lién tuc. Diéu kién lién quan dén lién tuc
cuia dao ham c6 thé bi vi pham tai nhitng diém thé nang c6 gidn doan loai II.

2 4 A A N 9. 9 ~
, ta nhan duoc cdc yéu cau ma ‘P(r,t) phai thoa man: don

Tir y nghia cta

Néu th€ nang khong phu thudc thoi gian, ton tai nghiém cua phuong trinh
Schrodinger sao cho p = |‘I’|2 va j khong phu thudc thoi gian. Nghiém d6 c6 dang:

t

lI‘(r,t) = y/(r) . e_éE

Thay ham séng trén vao (1) ta nhan duoc phuong trinh x4c dinh w(r):

{_S—ZA + V(r)}//(r) = Ey(r)

m



U e - N
Goi todn tit AF= —2—A + V(r) , 1a Hamiltonian cta hé (todn tu nang lugng toan
m

phén), ta c6:
Hy ()= Ep(r),
trong d6 £ mang y nghia la nhiing gia tri kha di cia nang lugng hé (hat) va c6
thé nhan cdc gid tri lién tuc hodc gidn doan. Phuong trinh trén chinh 1a phuong trinh xéc
dinh tri riéng va ham riéng cua todn ti nang luong toan phan.
V6i céc trang thai c6 phd nang lugng gidn doan, ham séng thoa man diéu kién
chuén héa don vi:
2
[|¥[ar=1.

C4c trang thai tng vé6i cdc gid tri nang luong khic nhau truc giao.
C4c ham s6ng tng v4i phd nang lugng lién tuc chudn héa theo § — ham, nghia

N

la:
Iw* (r,E)l//<r,E')dr = §(E —E').
Trong ky hiéu Dirac, mdi ham séng (vecto trang thdi) mo ta bang mot ket—
vecto y —l ) vi bra—vecto (y |ting véi i, ta c6:
Iw* (r)y/(r)dz' ={(ply).
Ham séng trong biéu dién toa do va xung luong trong cdch mo ta Dirac:
w(x) > (xly); w(p)—><{ply).
Xac sudt phép do dai luong vat 1y duogc xac dinh bai:
Iy P
vy
Gia tri trung binh cua dai lugng vat 1y A:
B =Fa,p )= LB,
" (wly)
Xdc dinh xung lugng hat tir mat do dong hat:

(p)=[midr,

P (a,)

va diéu kién |‘{’|2 =0 trén bién mién lay tich phan, ta nhan duoc:
(p)=[¥" (-inv)wdz.
Tuong tu <x> = J.‘I’*x‘l’dr.

Tix d6 suy ra céc todn tir xung lugng va toa do (trong biéu dién toa do):

E=—-inv; E=x.



Hai todn tlr co ban trén 1a cdc toan t tu lién hop va thda man hé thic giao hodn
[, =ih.

Tinh tu lién hgp clia mot toan tir duge mo ta bai hé thiic:
I‘PT!‘BI’%I = J.\Pz (113{’1 )*dz' .

Tir cic todn tir toa do va xung luong ta xay dung dugc céc toan t dong nang,
th€ nang va Hamiltonian cua hé:
E= ——A; ‘E:V(r); B=FE+E= ——A+V(r).
2m 2m

Todn tit momen dong lugng va binh phuong ctia né duge cho boi:

E =y o E=of —fi; E=xf -

E-B+B+ B
Toén tir momen trong toa do cau:
£E——in.
o9

2 g2, _ 42| 1 O( . 0 1 i
Lr=hrhg, =1 Lina aa[smeae}r sin” 0 6(02}.
Xéc dinh trung binh binh phuong ciia do phan tin cta dai lugng A xung quanh (1)
(a2?)= <(1 - (/1))2> = [y (B~ (A)) war

Sir dung tinh chat tu lién hop ctia E- </1> , ta co:

(a2) = [|( B~ (2o ar.
Nhu vay dé dai luong A do dugc chinh xdc thi <A/12> =0, hay

Ey =(2)v,
nghia 1a y 1a ham riéng cla todn tir E
V6i L va M 1a hai dai luong vat Iy tdy ¥ n6i chung ANE = MEE. Truong hop
e = I\E@, todn tur cta hai dai lugng vat 1y giao hoan:
[ENE=0.
Néu AW W= 0 , tdc dung EVE— WEE 1en ham séng thy ¥ w cho két qua bang
khong, nghia la cac toan ta IE;]\E c6 chung hé ham riéng va 1a cdc dai luong c6 thé do
chinh xdc dong thoi. Néu todn tir clia hai dai luong A va B khong giao hodn, hai dai



luong khong do duge chinh xdc dong thoi, do tan man cia phép do céc dai lugng trén
thoa man hé thic bat dinh t6ng quét:

L
AAABZEM/E,ED\,

o day AA =(&)—(B? . Tap t6i thiéu céc dai luong vat 1y ¢6 thé xéc dinh chinh xdc
dong thoi di dé x4c dinh trang thai ctia hé luong tir dugc goi la tdp ddy du.

Céc todn tir momen qui dao trong toa do cau

IE =ih Sil’l(l?i—FCOteCOS@i )
: o0 op

E=in —COS(pi+cotﬂsin¢i ,
Y 06 o
Eo_inl
z o0
Céc todn ti bac thang
lﬁ :PE; +ilf = the* iJ_ricotﬁi
b y 00 o
Toan tlr binh phuong mémen
.. 2
B 1O (gngl | L O |
sin@ 66 00 ) sin* 0 o¢p*
Trudng hop hat trong truong cé tam doi xding V(r) , Cac toan tur }F‘, B IE
giao hoan véi nhau. Ham riéng chung clia cdc toan tlr trén duoc tim duGi dang
w(r.0,0)=R(r)Y(6.0),
Trong d6, ham Y(O,go) dugc xac dinh tir cac phuong trinh
By=av ., Er=av.
Nghiém ctia phuong trinh trén 1a cdc ham diéu hoa cau
Y, (H,go) =P, (cos B)eim‘”,
trong d6 A=71(1+1), a=hm; 1=0,1,2,.. m=0,x1,+2,...+] , P"(x) la cdc da
thic Legandre lién doi.
Lay dao ham gia tri trung binh (l) = I v (r,t)fl//(r,t)dr va st dung phuong
trinh Schrodinger, ta c6 thé chiing minh dugc dao ham theo thoi gian dai luong vat ly
A ung vGi todn tlir

dE_GE ik i)
dt ot h



Trong trudong hop %LE =0, dai lugng A 1a mot tich phan chuyén dong. Nhu vay
t

dé mot dai lugng 1a tich phan chuyén dong thi toén tir clia né phai khong phu thuoc
tuong minh vao thoi gian va giao hodn véi i3

Hé cac ham riéng ctia mot toan tlr ctia dai lugng vat 1y nao d6 tao thanh hé co s&
truc chuén va day dua trong khong gian trang thai, nghia la

[v (x)w, (x)dz=3,,,
trudong hop phd gidn doan, va
[v (r. ), (2 )dr=5(2- 1),
trudong hop phd lién tuc.
Mot trang thdi thy ¥ luon c6 thé khai trién theo cdc ham riéng cla toan tir E

dudi dang

théa man diéu kién chuin héa
P
c

Sle.f + Jg|c(/1)|2dﬂ=1.

n ﬁ'l

Gid tri trung binh clia A duoc xac dinh bing

()=

)
Ale(2) dz

n

2 2 . o 3R o o N
c,| va |c(/1)| dA 1a x4c sudt dé tim thdy gid tri 4, va A trong

khoang [A, A +dA] trong trang thai y(r).
Néu trong biéu dién toa do, toan tir M cho lien hé gitta hai trang thai ¢ va
o(r) =My (r),
va néu (p ) anl//n va 1// Zc y, trong d6 y, la cic ham riéng cla todn tir E:
trong A — biéu dién, ta c6:

b, =Z<k|M|n)cn,

n



Ta thay tap cdc gid tri {b,}, {c,} chinhlaham ¢ va y trong A— biéu dién va dai lugng

<k|M | ny= I v, /\Eﬂ//ndr la y&u t6 ma tran cla todn tir M (toan tir M trong 1 — biéu dién)

Toan tir I trong biéu dién riéng ctia né

(k|L|ny = [v; By, dr = 2,8,
cho ma tran chéo va céc yéu t6 ma tran trén duong chéo chinh 1a céc tri riéng cua nd.

Dé chuyén ham séng va toan tur tir biéu dién nay qua biéu dién khac ngudi ta st
dung céc toan tir (ma tran) Unita.

Ma tran S, =(&|n) dugc xay dung tir cdc he ham co s6 {In)} va {I&)} 1a
hai hé ham riéng tuong Gng clGa hai todn t&r vat ly IE, B nio d6. Ta c6
|n)=8|¢&),|&) =T1|n) =S |n). Chuyén ham séng va todn tir tir F — biéu dién sang
D — biéu dién

W, =2.8.(), UE);“:%-

Chuyén ham séng tlr bi€u dién toa do sang biéu dién xung lugng, ta c6:

i
1 ——px

S(p.x)=(p|x)= 2nh

Khi d6

<p|‘P> :ﬁjdxeig r‘I’(x) = ‘i’(p) ,

7

‘i’(p) la anh Fourier cua ‘P(x) .

Thi nghiém Stern—Gerlach cho thay dién tt ngoai momen dong luong L =r x p
con c¢6 momen dong lugng riéng hay spinS, ,S,,S.c6 thé nhan cdc gid tri +7/2 va
—n/2.

Pua vao céc todn tir spin 3"; zgcﬁ, & zgcﬂy, 35 zch Cic toan tu di“

x y

théa min c4c phan giao hodn tir cﬁcliy = —cEy(EX =id va c6 thé biéu dién bing cic

~ (10 A (01 A (0 =i
o, = , O, = , o, =| .
-0 -1 ’ 1 0 ? i 0
Ham séng cta dién tir cin phu bién gidn doan, spin o =+1 va dugc biéu dién
trong dang ma tran hai hang mot cot (spino).

ma tran Pauli

10



v(ro)= (‘//1 (’)}

va(r))
Cic gid tri |y, (1) . v, (r)] tng véi mat do xdc sudt tim thay hat tai vi tri
khong gian v6i o =+1 nghiala S, =+7/2, S, =—h/2.
Néu bo qua tuong tdc spin — quy dao, ham séng c6 thé viét dudi dang
(o) = (1) 2(0).

Cung v6i momen spin, dién tir c6 momen tir riéng

Khi chuyén dong trong tir trudng, nang lugng tuong tac tir clia dién tir va tir
truong bang —(p, X B) , B 1a vécto cam ung tr. Nhu vay khi tinh dén spin phuong trinh

song cua dién ti c6 dang (phuong trinh Pauli)

. v
%(ﬁ— eA)2 ¥ (r,0,t)—(p va B)¥(r,0,1)+ep¥ (r,0,t) = ihw,
m
Momen dong lugng toan phan cua dién tur:
F-Es 8

Cac hé thuc giao hoan
EE1=inE, (EE1=inE, (EE1=if,
ER1=0,  EF1=0,  FB1-0.
Tri riéng cua binh phuong momen toan phan va hinh chi€u mémen trén truc z
B1jmy=n2jG+ 01 jmy,  Eljmy=nml jm),
Suyra P =n%j(j+1),J. =hm '
trong d6 j 1a s6 luong tir momen toan phin xdc dinh bang qui tic cong momen
j=ll=sl ll—s+1l, ..I+s,
va m=—j,—j+1,.... J—1+].
Cac toan tur bac thang
Ejmy=nJiG+D-mmz1)1j,m+1).

Phuong trinh Schrodinger chi cho nghiém chinh xdc v6i mot s6 trudong hop hat
chuyén dong trong truong thé V(r) don gian.

11
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252
— Giéng th€ sau vo cung E, = i h2 n’, v, (x)= —sm(mrx) (n=1,2,3..).
2ma a a

— Dao dong tlr diéu hoa
i ﬁ?+2mwx =ho(E&+1/2), E, =ho(n+1/2).
& day & va &la cic todn tir sinh va hiy

&= m—a)x—i }Ez ,cﬁ= m—wx+i }Ez ;
2h 2moh \ 2h 2maoh

Eny=nin-10,&In=Vn+11n+1),
& =1.

(k1 Elny = ./ (VB g+ +16,,),
(V’H‘ kot \/;é}c,nfl)

(kl}Eln)—l

— Nguyén t&t Hydro

2 I(I1+1 2
Phuong trinh xdc dinh ham tia Z—I; %‘;R ( 3 )R+2—m[E+Zin =0.
r r ar r r

452 2
me"Z Z

E =————=-13,5——¢V;

! 2h*n? n*

n—i-11 | (22" 27
n—i—1): —Zr/na r
Ry(r)=| — [_] Aozl 01%1:}1( j
2n[(n+1)!] na, na,
\Pnlm (I", H’ w) = Rnl (")Ylm (9’ (0) .
Néu da biet ham riéng va tri riéng cua todn tr H,, tir phuong trinh
) = El,
thi ham riéng va tri riéng cla toan tir = ]EO +H nghiém ctia phuong trinh
Hy =By

dugc tim du6i dang: w, =Y c,w,. Ciché s c,, théa man phuong trinh

n

Cy (E,(J -E, ) + Z(I|W|n>c,m =0



Khai trién ¢,, va E, thanh chubi lily thira clia dai lugng nho trong nang lugng
nhiéu loan.

AN AN

W =¢V, . Doi v6i cdc mic nang lugng khong suy bién ta nhan duoc ham séng
va nang luong dudi dang

(n|W\k)
V/k :W/?+’;EI?|_|£Z,}? I?+"”
k
E, E°+(k|W|k)+z|< i |>0|
n#k E

Néu E; suy bién bac s, ham séng gan ding bac khong duge biéu dién qua cdc
ham khong nhiéu loan dng v6i cing mot miic nang luong

S
0
Vi= Zcﬂ‘//kﬁ,
B=1
trong dé

[Eowkﬂ =By (B=12,...5)

Céc h¢ s6 ¢, nhan dugc tir hé s phuong trinh tuyén tinh thuan nhét

(B =E® +(ky [Wky)) ey + D ey WK, e, =0
7#p

6 day B,y =1,2,...,s . Diéu kién c6 nghiém khdc khong cua hé phuong trinh trén
1a dinh thiic

(B2 =), + (ks W) =0 (87 =12..00).

Phuong trinh trén néi chung cho s nghiém E® khéac nhau, déng thdi cho ta kha
nang tinh dugc cdc hé s6 ¢, va cdc ham séng y, ctia h¢ bi nhiéu loan.

Nhu vay nhiéu loan phu thuoc thoi gian Vﬁ(r,t) s€ 1a nguyén nhan dan dén
chuyén trang thai ctia hé khong nhiéu loan (v6i todn tir nang lugng iEO ) tbt mot trang
thai 1//,? tGi trang thai 1//,0.

Ky hiéu 1//0 la cdc trang thdi khong nhiéu loan (nghiém cla phuong trinh

fji‘ol//;) 1//,1 ). Tim nghiém ctia phuong trinh (f]ﬁ + Vﬁ) = ih@@_‘l’ duéi dang
t

_Lgo,

Y =ch( )l//ne h

13



Trong d6 c,(0)=6, (& trang thdi ddu W =y), c,(¢) duoc xdc dinh tir
phuong trinh
dck

ZVVM ) ,, ) zwknt’

& day W, .[Wk* r t)y/ndr véi w,, = (E0 EO)/h Phuong trinh trén dugc giai

bing phép gan diing lién tiép. O gin ding bac nhat

1 ¢t i“)'ntl ,
e (1)=6, +£J.0ane” “dt

Xdc suat chuyén doi
2

=V (@),

2 mn

nm_lc (f)|2—|c (l‘)lz_)P

+00
o day W, (e, )=— I W, (¢)-€"“"*'dr 1a dnh Fourier clia yéu t6 ma tran nhiéu loan.
2 —o0
Néu nhiéu loan gay boi tuong tic gitta hé nguyén tr véi bic xa dién tir trudng
hop buic xa cé budc séng 16n hon kich thuée nguyén tir (A >>a

W =—(E(1)D),

& day E(r)la cuong do dién truong cha bic xa, D = er 1a momen ludng cuc cta hé, khi ay

) rat nhiéu, ta co:

atom

4z’
= (Pe),

Biéu thiic trén cho thay dé duéi tdc dung ctia biic xa, hé chuyén tir trang théi n

2

Pk n 2’|E‘(a)kn)

dén trang thai & thi trong biic xa phdi chita tin s6 @, nghiala E(@,,)#0 va

(DE)zk #0 ’

Diéu kién trén xéc dinh cdc qui tac lya chon cla hé.

Khi thé€ tin xa 1a rdt nhd so véi dong nang cua cdc hat bay tdi, thé tin xa U(r) ¢
thé xem nhu nhiéu loan, & gan ding bac nhat ta c6 gan ding Born dugc dung dé xic
dinh bién do va tiét dién tdn xa hiéu dung vi phan

—=1f(6,9 24UU ’qrdv‘ q=k, k.

Pé tinh bién d() tdn xa v6i thé nang tuy y, ngudi ta c6 thé dung phuong phap
séng thanh phan, theo d6 bién do tdn xa dugc cho bang

FO =310 =%§:(21 £ 1) P (cosd).
1 1

Céc noi dung trén dugc xay dung trén co s cdc tién dé cia Co hoc luong ti.

14



TIEN DE 1: HAM SONG

“J méi thoi diém, trang thdi ciia hé luong tit duoc xdc dinh bang ham ¥ duogc
goi la ham séng, la nhitng ham binh phuong khd tich tao thanh mot khéng gian Hilbert
hay khong gian trang thdi. Ham séng chita tdt cd cdc thong tin vé hé luong ti”.

TIEN DE 2: DAI LUONG VAT LY

“Tuong 1ing véi moi dai luong quan sdat duoc, F la mot todn tr Hermite, F tdc
dung trong khong gian trang thdi. Cdc két qud do duwoc cia dai luong F chi c¢6 thé la
cdc tri riéng ciia todn tir F.

By —fw
¥ 1a ham riéng clia todn tir F tng v6i tri riéng f..
TIEN DE 3: BAN CHAT THONG KE

“Cho hé luong nt 0 trang thdi, néu tién hanh phép do dai luong F thi xdc sudt duoc
.y . N 2 , N N N 2 , ER-S Lo, o en I
giatrif,la |(\Pu,‘P)| trong do Y, la ham riéng cua todn ti F 1ing voi tri riéng f.”.

TIEN DE 4: PHUONG TRINH CO BAN

“Su bién doi cua trang thdi cdc hé luong tit theo thoi gian duoc mo td bdi phuong

trinh Schrodinger ihaa— =y, trong do H la toan tw Hamilton cua hé”.
t

15
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