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LOI NOI PAU

Au khi sinh vién khéi Khoa hoc cong nghé (Khoa hoc ky thuéat) tot
nghiép ra truong s€ dam nhan nhiing cong viéc khac nhau trén
khap céc linh vuc céng — néng nghiép cua T6 qubc. Ho biét ro cong

viéc ctia ban than dang nghién ciu c6 lién quan dén cac van dé cta khoa
hoc k§ thuét, can thiét phai b6 sung nhiing kién thiic méi dé hoan thanh
tot cong viéc ciing nhu phat trién huéng nghién citu trong chuyén mon.
Pé dap tng dude yéu cau phat trién ctia xa hoi, trong nhitng nam gan day
B6 GD & DT da cho phép nhiéu trudng trong ca nudc mé cac khéa cao hoc
dao tao Thac si va da t6 chiic cac ky thi tuyén theo cac moén hoc khac nhau
phu hdp véi nganh dao tao; trong cac mon dé c6 mén “Toan hoc cao cap” 1a
mon hoc ma hoc vién gip nhiéu tré ngai vi trong cong viéc it tiép xic véi
né; do dé khong biét luwa chon mot gido trinh 6n tap nao cho phu hop véi
chuong trinh thi tuyén.

PE tao diéu kién cho hoc vién, ching t6i bién soan cudn “On tap todn cao
cap” theo tiéu chi vita du cac kién thiic co ban dé du ky thi tuyén dudc t6t.

Tai liéu dudc chia 1am ba phan:
1. Tém tat Iy thuyét co ban.
2. Cac vi du tinh cu thé dé minh hoa va hiéu ré thém phan ly thuyét.

3. Gidi thiéu, giai mot sb6 dé thi cia PHBK Ha Néi tit nam 2000 dén nay
va giéi thiéu mot s6 dé dé hoc vién tu luyén.
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Ngoai ba phan trén, con c6 phan phu luc vé Pai s6 tuyén tinh, dé gitp

cho hoc vién mét s6 nganh khac nhu kinh té, xay dung, mé dia chéat, giao
thong, thiy 10i,...c6 thém tu liéu 6n tap; dong thoi ciing la tai liéu tham
khao ctia sinh vién khéi chinh quy tai cac trudng thudc khéi cong nghé.
Pic biét day cling 1a tai liéu d€ sinh vién khéi cao dang cac trudng nim
dudc kién thic co ban ctia mon Toan hoc cao cip, dé dang 6n tap tham du
ky thi chuyén hé ctia cac nganh.
Cubn tai liéu nay dude bién soan theo tiéu chi 6n thi cao hoc khéi cong
nghé nén chic chan chua dap tng dudc day da moi vAn dé ma ban doc
mong mudn, ciing nhu nhitng thiéu sét c6 thé xay ra trong qua trinh bién
soan, ching t6i rat mong su gép ¥ ctia ban doc d6i véi quyén sach nay. Moi
v kién xin gtti vé theo dia chi: Vién Toan dng dung va Tin hoc, Trusng Pai
hoc Bach khoa Ha Nbéi, s6 1 Pai C6 Viét, Ha Noi.

Cdc tac gia



VAN DE TAI BAN LAN THU HAI

N#m 2007 cudn “On tap Toan cao cip” (dung 6n thi cao hoc khéi céc
truong khoa hoc cong nghé) da dap tng dudec nhu cau 6n tap mén Giai tich
toan cho cac thi sinh du thi tuyén dau vao cao hoc cta trusng PHBK Ha
Noi va cac truong khoa hoc cong nghé trong ca nudéc.

Gan 10 nam qua ching t6i da nhan dudc nhiéu ¥ kién hoan nghénh va gép
y ctia cac ban doc, dong thoi mong mudn cé thém nhiéu bai tap dang dé thi
dé thi sinh tu ren luyén thém trong diéu kién vira cong tac vita tu 6n tap
dé du thi tuyén dau vao cia cao hoc.

Xuat phat tit nguyén vong do, trong lan tai ban nay ching t6i sta chita
nhiing sai s6t vé in an trong 1an xuat ban trudc dong thoi bé sung thém cac
dé thi cta truosng PHBK Ha Nbéi tit 2008 dén nay.

Chung t6i luén mong tiép tuc nhan dudc nhiing y kién déng gép, phé binh

ctia cac thi sinh dé€ nhitng 1an xuét ban sau ngay cang hoan thién hon.

Cdc tac gia
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CHUONG 1

HAM SO MOT BIEN SO

Trong chuong nay chung ta nhac lai mo6t so khai niém can thiéet caa ham
s0 mot bien so doc lap, cac khai niém va quy tac tinh dao ham, vi phan,

tich phan,. ..

§1. KHAI NIEM HAM SO MOT BIEN SO

1.1 Cac ky hiéu logic
Ménh dé toan hoc 12 mét khang dinh toan hoc chi ¢6 thé ding hoic sai,
khong c¢6 ménh dé vira ding vira sai. Mot ménh dé thuong ky hiéu béi cac
chit cai in hoa nhu A, B,C,...
Gia st c6 hai ménh dé A va B. Ky hiéu
A —> B tit ménh dé A suy ra ménh dé B,

A <= B ménh dé A tudng duong v6i ménh dé B.

hay A la diéu kién can va du dé c6 B va ngudc lai.

Ky hiéu := (c6 nghia la, hay dudc dinh nghia 1a).

Vz doc 12 v6i moi , Iy doc 14 ton tai y,
Ay doc 1a khong ton tai y.

9



10 Chuong 1. Ham s6 mot bién sé

1.2 S6 thuc, tri tuyét d6i cua sé thuc

S6 thuc bao gom tat ca cac sb hitu ty va vo ty, ky hiéu 1a R.
Moi s6 thuc = tng véi diém M trén truc sé (hinh 1).

Hinh 1
Khoang (a,b) :=a <x <b

DPoan [a,b] :=a < x <b

Khoang kin bén phai (a,b] :=a <z < b

Khoang kin bén trai [a,b) :=a < x < b

Khoang vo han R = (—o0, +00) := —00 < & < +00.
Tri tuyét doi ctia s6 thuc = € R, ky hiéu 1a |z|, 14 s6 khong am dudc xac
dinh nhu sau

z, néuz >0
|| = )
—x, neux < 0.

V6i moi « € R ta déu c6

x| — |y| < |z +y| < |x| + |y

lzy| = |x|. |y|
x| |z
—|=— y#0
y |yl

}azz} = |z|® = 2%; Va2 = |z|

lz| <a<—= —a<z< a

|| > a <= * < —a hoacz > a.
1.3 Ham sb

1. Khai niém ham sé
Xét hai tap hop sb6 thue X va Y, (X # 0). Anhxa f : X — Y la ham



1. Khdi niém ham so mot bién so 11

s6 mot bién s6 x4c dinh trén tap hop X (x 1a bién s6 doc lap, y = f(x)
12 bién s6 phu thuoéc), nhan gia tri trén tap hop Y.
Tap hop X 12 mién x4c dinh (MXD) ctia ham s6 y = f(x).
Tap hop
f(X)={y €R| y = f(x),Vz € X}

goi 1a mién gia tri (MGT) cia ham sb f.

e Ham s6 f(x) goi 1a tang (hay dong bién) trong khoang (a, b) néu
Vi, z2 € (a,b); 1 < 22 = f(x1) < f(x2).

Con néu Va,, xs € (a,b); 1 < 3 = f(x1) < f(x2) thi f(x)
goi la tang ngat trong khoang (a, b).

Néu Vxi,x2 € (a,b); = < x3 = f(x1) > f(x2) thi ta néi
ham sb6 f(x) giam (hay nghich bién) trong khoang (a, b); tuong tu
f(x1) > f(z2) goi la gidm ngét.

Ham s6 f(z) chi tang hoic giam trong khoang (a, b) goi chung la
ham s6 don diéu.

e Ham s6 xac dinh trong khoang (—a,a) goi 1a ham s6 chin néu
f(—x) = f(x), con néu f(—x) = — f(x) thi goi 1a ham s6 18 trong
khoang dé.

e Ham s6 f(«) goi 12 ham tuin hoan, néu ton tai s6 thuc T # 0 sao
cho

flx+T)=f(x),Ve,x + T € MXD. (%)

S6 T > 0 nhé nhat dé (*) théa man goi 1a chu ky co s6 cia ham so.
Vé mait do thi: ham sb chin, d6 thi dbi xiing qua truc tung (Oy);
ham sb 1& c6 do thi d6i xiing qua gbc toa dé (0,0). Ham sb tuan

hoan c6 do thi lap lai sau méi chu ky 7.
2. Ham s6 hgp, ham sb ngudc
Gia stt y = f(u) 1a ham sb ctia bién sb6 u, dong thoi v = g(x) 1a

ham sb ctia bién s6 x. Khi d6 ham s6 y = f(u) = f[g(z)] 12 ham
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hop ctia bién sb6 doc lap x théng qua bién s6 trung gian u; ky hiéu
(fog)z = flg(z)].
Gia stty = f(x) 1a ham sé xac dinh, don diéu trén tap hop X C R (f1a
song anh tit X — Y). Nhu vay méi € X cho ta mot va chi mét phan
tt y € Y va ngudc lai mbi y € Y cho ta mot phan t& « € X, phan tit
x dude xac dinh nhu vay goi 14 ham s6 ngudc ctia ham s6 y = f(x), ky
hiéu z = f~1(y).
Vay tu

y=f(z) =z =f""(y) ()
(v6i diéu kién f 1a song anh tt X — Y).
D6 thi ham s6 y = f(x) va = f~'(y) khong thay d6i (cung chung
mot do thi). Thong thudng ta van goi y 1a ham so6,  1a d6i so, trong (*)
doi vai tro cha x va y ta dudc y = f~(x) cling goi 14 ham ngudgc ctia
ham s6 y = f(x); nhung d6 thictay = f(x) vay = £~ (z) d6i xiing
v6i nhau qua dudng phan giic thi nhat (y = x).
Chang han ham s6 y = a®, (a > 0,a # 1) c6 ham ngudc

y =log,x, (x> 0,a > 0,a #1).
Ham s6 y = sinz, y = cosz, |y| < 1 c6ham ngudc
y = arcsinx, y = arccosz, |xz| < 1.
Ham s6 y = tanx, y = cot  ¢c6 ham ngudc

y = arctan x, arccot x.

§2. GIOI HAN VA LIEN TUC

2.1 Gi6i han ctia ham sb

Gia st ham s6 f(x) xac dinh trén tidp E C R hoic E \ {a} C R.

Ta néi ham sb6 f(x) c6 giéi han 1a L khi x — a (L, a hitu han), ky hiéu



2. Gidi han va lién tuc 13

lim f(z) = L, néu
Ve > 0,36(e) >0: 0<|z—a|<d= |f(x) — L| <e.
Tuong tu ta cing cé véi truong hop x — oo
Ve >0,IM >0dulén: |z| > M = |f(x) — L| < &,
ky hiéu lim f(x) = L.
Truong hop a htru han, L v6 han
VA >0,36(A) >0: 0< |z —a|<éd=|f(x)|] > A,
ky hiéu lim f(x) = oo.
Truong hop ca a va L la vo han
VA >0, dalén,IM > 0dalén: || > M — |f(x)| > A,

ky hiéu lim f(x) = oo.

2.2 Gidi han mot phia

NéuVx < b;  — btavietz — b— 0, con V& > a;x — a ta viét
x — a -+ 0.
Néu xl—ifio f(x) = f(b—0) ton tai hitu han, ta néi ham sé f(x) c6 giéi han
bén trai tai diém b.
Néu lim f(x) = f(a + 0) ton tai hitu han, ta néi ham sé f(x) c6 gidi

x—a+0
han bén phai tai diém a.

2.3 Vo cung bé (VCB); Vo cung 16n (VCL)

Ham s6 a(z) goi 1a VCB khi  — a néu lim a(x) = 0, (a c6 thé hitu
han hoac v6 han).
Ham s6 F(x) goi la VCL khi & — a (hitu han hodc v han) néu lim F(z) = oc.
Dé thay:

e Nghich dao cua VCL la VCB khi x — a.
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e Tong va tich hitu han cic VCB trong cuing mot qua trinh 14 VCB trong
qua trinh do.

e Tich cac VCB va dai ludng giéi noi 1a VCB.
So sanh cac VCB:
Gia st a(x) va 8(x) la hai VCB trong cung mét qua trinh x — a, khi do6

e Néu lim % — C, (C # 0,1,00) thi ta néi a(z) va B(z) 1a hai
xXr

VCB cung bac khi x — a.

e Néu lim M =0, thi ta néi a(x) 1a VCB bac cao hon G(x) khi x — a.

B(x)
e Néu lim % = oo, thi ta néi a(z) 12 VCB bac thap hon 3(x) khi
€T a €T
r— a
e Néu lim % — 1, thi ta néi () va B(x) 12 hai VCB tuong duong
X a T

khi x — a. Trong truong hop nay ta ky hiéu a(x) ~ B(x) khi x — a.

2.4 Cac cong thuc tim gidi han
1. Cac phép toan ve giéi han
lim C = C, (C = const)
lim (f(2) % g(2)) = lim f(x) + lim g()
lim £ (2)-g(x) = lim f(2). lim g(=)

. f(x) lim f(x) N .
lirg g(@) ~ limg(@) (g(z) # 0, lim g(x) # 0).

2. Céc cong thiic ve giéi han
. a x a
mll_>rgo(1+;) =e%, (a#0)

1 X
Khia =1 taco lim <1—|——> —e=2,71828...
r—ro0 w
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. sinx . tanx
lim =1 lim =
x—0 T x—0 T
. arcsinx . arctanx
lim — = 1; lim — =
x—0 T x—0 T

e’ —1 In(1 +x
lim = 1; lim ¥ =1
z—0 €T x—0 T
. (A+z) -1
lim =p, (p>0).

3. Cac VCB tuong duong
Néu a(x) 1a VCB khi  — a (x — oo) thi ciing trong qué trinh nay

ta co

sina(x) ~ a(x);

tan a(x) ~ a(x);

e®@ _ 1 ~ a(z);

In (1 + a(2)) ~ a();

arcsina(x) ~ a(z); (1 + a(z))? — 1 ~ p.a(z)(p > 0);

arctan a(x) ~ a(x).

4. Céc qui tac khit cac dang bat dinh

Cac dang bat dinh co — oo, 0.00, — déu ¢6 thé dua dudc vé dang

0 oo
oo — 00, 0.00, o’ ;; 1%, 00, 0%, 0°.

0

00 0

N 0. .
Cac dang 1>, o0?, 0%, 0° cing dudc dua vé dang o bang cong thic sau

tit d6 ta dua vé dang o

%l_r)%u(w)v(w) _ e;i_r}(llv(m).lnu(m);

0

(a) Néu a(z) va 3(x) 1a hai VCB khi £ — a va a(z) ~ &(z); B(x) ~
B(x) khi z — a thita cé
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(b) Qui tac ngat bé cac VCB bac cao, VCL bac thap trong mot tong

(t6ng dai so).
Néu oy (x), k=1,2,...,n,lacac VCBkhiz — a, trong dé a;(x)
12 VCB béac thap nhéat thi

Zn: ai(x) ~ ai(x) khiz — a.

k=1
Ngudc lai:
Néu f;(z) 1a VCL c6 bac cao nhét con fa(x),. .., fo(x) 1 cac VCL
bac thap hon khi x — a thi

ki fr(x) ~ fi(x) khixz — a.
=1

2.5 Su lién tuc ctia ham sb

Ham s6 f(x) dudc goi 1a lién tuc tai diém x = x, néu

lim f(2) = f(zo).

Ham s6 f(x) lién tuc tai moi diém thudc khoang (a, b) thi ta néi ham sb
lién tuc trong khoang do.

Ham s6 f(z) goi la lién tuc trén doan [a, b] néu né lién tuc trong khoang
(a, b) va lién tuc bén phai tai diém a: Jim f(x) = f(a + 0) va lién tuc
bén trai tai b: wl_i)%rio f(x) = f(b—0).

Nhu vay diéu kién d& ham f(x) lién tuc tai diém = = z, 1a

lim  f(@) = lim | f(2) = f(@.)-

r—xo+0
Néu ham s6 f(x) khong lién tuc tai diém = = x, thi ta néi ham sb gian
doan tai diém do.
Néu f(x, + 0) # f(x, — 0) va déu 1a hitu han thi ta néi ham s6 f(z) gian

doan loai 1 tai diém = = =z, va

|f(zo +0) — f(zo — 0)| = A
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goi la buéc nhay.

Néu f(x, 4+ 0) = f(x, — 0) # f(x,) thi diém x, goi 1a diém cb lap.

Néu Af(x,) va cé f(x, + 0) = f(x, — 0) thi ta goi =, 1a diém gidn doan
b6 dudc.

Néu mot trong hai gi6i han trai, giéi han phai tai diém «,, hoac ca hai giéi
han dé6 ra vo han thi diém x, goi 1a diém gian doan loai 2.

Néu ham s6 y = f(z) lién tuc tai diém = = z,, ham s6 z = g(y) lién tuc
tai diém y, = f(x,) thi ham sb6 z = g (f(x)) lién tuc tai diém = = x,,.
Néu ham f(x) lién tuc trén [a, b] thi

(i) f(«) bi chan trén [a, b],
(ii) f(x) dat gi4 tri bé nhat m va tri 16n nhat M trén [a, b].
(iii) Néu f(x) dat tri 16n nhat M va bé nhit m dong thoi

f(@).f(8) <0 (a<a<pB<b)

thi ton tai diém ¢ € (a,3) d& f(c) = 0 va c chinh 14 nghiém cta

phuong trinh f(x) = 0.

§3. DAO HAM VA VI PHAN

3.1 Pao ham

Gia st f(«) x4c dinh trong (a, b), lay diém z, € (a,b), cho =, mdt sb
gia Az ta dudc diém z, + Az € (a,b).
Goi Ay = f (x, + Ax) — f(x,) 12 s6 gia ctia ham s6 f(x) tai diém x,,.
Néu giéi han
. f (@ + Az) — f(20)

. Yy
lim — = li
Az—0 A Ax—0 Ax

ton tai hitu han thi giéi han d6 dudc goi 14 dao ham ctia ham s6 y = f(x)

tai diém x,, ky hiéu

£ (o) = lim ZY hay y/(20) = £ (o)

x—0
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Néu ham s6 y = f(x) c6 dao ham tai moi diém = € (a, b) thi ta néi ham
s0 ¢6 dao ham trong khoang dé.

Vé mat hinh hoc: f'(x,) bang hé sb6 géc k cta tiép tuyén véi duong cong
y = f(z) tai diém (z,, f(z,))

f (x,) = k = tana.

Neu ton tai

i f (wo + ACL‘) - f(wo)
1m

Az 540 Ax = f (o +0)

thi ta néi ham so c6 dao ham bén phai tai diém =,

Tuong tu ta cung co

i f (wo + ACE) _ f(wO)
11m
Azx——0 Ax

= f,(wo —0)
goi 12 dao ham bén trai tai diém x,. Ham s6 f(x) c6 dao ham tai diém =z,

thi f'(x, + 0) = f (o, — 0) = f'(x,) vA ham sb lién tuc tai diém x,.

3.2 Vi phan
Néu s6 gia Ay ctia ham s6 y = f(«) viét dudc duéi dang
Ay = f(x 4+ Az) — f(x) = A. Az + a. Az,

trong d6 A 1a hang s6 chi phu thuéc , khong phu thuéc Az, con o 12 VCB
khi Az — 0; thi dai luong A.Az goi 1a vi phan cia ham s6 y = f(«) tai
diém x; ky hiéu dy = A.Ax.

Ngudi ta da chitng minh rang A = f'(x), va khi y = « thi dy = dx nén

dy = f (x)dx

12 cong thiic tinh vi phan ctia ham s6 y = f(x) tai diém x. Khi d6 ta ciing

néi ham so6 kha vi tai diém x (c6 dao ham tai diém x).
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3.3 Cac phép tinh dao ham

Néu u(z) va v(z) 1a nhitng ham s6 ¢6 dao ham thi

y=utv=—1y =u +v
y=C (C —const) =y =C =0

Yy = u.v — yl = (’U/U), = u"v —|— 'U,’UI

’

u ’ u 'U,/’U—’U,'U,
y=— (v#0) =y =<—) = —F
v v v
C ., [Cc\ C
y=— (C—const,v #0) =y =(— | =——.
v v v

Néu ham s6 v = g(x) c6 dao ham theo =, ham s6 y = f(u) c6 dao ham

theo u thi ham s6 hop y = f(u) = f [g(«)] cling c6 dao ham theo x va

y (z) = f'(u).u' ().

Néu ham s6 y = f(«) c6 dao ham theo x, f (x) # 0, va néu ton tai ham

ngudc £ = ¢(y), thi ham sé = = ¢ (y) ciing c6 dao ham tai diém y = f(x)

va ta co
/ 1
oY) = -
f'(x)
3.4 Bang cong thuc tinh dao ham
Néu v = x (x 12 bién doc 14p) thi v = 1; con néu u = u(x) ta cé cac

cong thic sau
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’ 4 1
u®) = aqu*tau'; w) = ——.au
() W) =5
(@) = a*.lna.u (a>0,a #1); (e*) = e
’ 1 ) 4 ’
(Inu) = ;.u; (log, u) = o (a>0,a#1)
(sin u) = cosu.u’; (cos u) = —sinu.u’
’ ]. ’ ’ ]- ’
(tanu) = U (cotu) = ————.u
cos? u sin” u
(arcsinu)’ = 1 u’; (arccosu)’ = 1 u’
vV 11— u vV 11— u?’
(arctan u) = ' (arccot u) = — o
14+ u? 14+ u?

Néuy = u’, u = u(xz) > 0,u # 1,v = v(x) ta lay logarit hai vé va si

dung cong thitc dao ham ham hdp

1 /7 /7 1 4 4 ’ v ’
— —wy =v lnutv.—u =y =u'lvinu+—u|.
Y U u

Cha y 1.1. Néu y = f [u(x)] thi
’ ’ ’ d ’
dy = f .u (x)dx; f (x) = d—y, u (x)dx = du
x
nén df = f du; ta cé cac cong thiic vi phan tuong dng.
3.5 Qui tac L’Hospital

-, Y 2z 0
Qui téc nay ding d¢ khit dang bét dinh ° Kkhi tim giéi han.
oo
Gia st a(x) va B(x) la hai VCB khi x — a (x — o0) va la nhiing ham

kha vi tai © = a thi

o0 \
Cong thuc (*) cung dung khi c6 dang —, va la diéu kién du, nghia la gidi

£ X oo 4 2 2
han ve phai cta (*) khong ton tai thi giéi han ve trai c6 thé ¢6 cing c6 the
khong (khi d6 phai tim theo cach khac).

Ngoai ra qui tac trén c6 thé dude thuc hién mot s6 hitu han lan.
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